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Q-i Abstract 

<D. 

We discuss the possibility of a class of gauge theories, in four Euclidean dimensions, to 
describe gravity at quantum level. The requirement is that, at low energies, these theories 
can be identified with gravity as a geometrodynamical theory. Specifically, we deal with 
de Sitter-type groups and show that a Riemann-Cartan first order gravity emerges. An 
analogy with quantum chromodynamics is also formulated. Under this analogy it is possible 
to associate a soft BRST breaking to a continuous deformation between both sectors of the 
theory, namely, ultraviolet and infrared. Moreover, instead of hadrons and glueballs, the 
physical observables are identified with the geometric properties of spacetime. Furthermore, 
Newton and cosmological constants can be determined from the dynamical content of the 
■ theory. 
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1 Introduction 

Since the advent of general relativity (GR) pQ, gravity has been showing itself to be very differ- 
ent from all other fundamental interactions. The three fundamental interactions contemplated 
by the standard model are quantum mechanically stable gauge theories. In fact, quantum field 
theory (QFT) [2] describes fluctuating fields which are parameterized by a set of rigid spacetime 
coordinates while spacetime itself is a Minkowski space (To perform actual computations, 
spacetime must be Wick-rotated to the Euclidean space). On the other hand, GR is a geometro- 
dynamical theory j3] that describes spacetime as a dynamical entity, i.e., spacetime coordinates 
gain a dynamical character. If one declare that the metric tensor g flu (X) is the fundamental 
field of gravity, a standard quantization is automatically forbidden because its quantum nature 
would be transferred to spacetime. For instance, if g^ u (X) is the quantum version of the metric 
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tensor then, = g ilv {X)X y , which implies on X^ 1 = g^ v {X)X U . Thus, spacetime coordinates 
would acquire a quantum character. The inconsistency rises because a quantum field cannot be 
parameterized by "quantum coordinates". Axiomatic QFT states that spacetime coordinates 
must be a rigid set of well-defined parameters [4j . Essentially, geometrodynamics appears to be 
an exclusively classical description of gravity. 

Another property that ruins a quantum description of gravity is the success of Einstein 
equations in describing macroscopic phenomena. At macroscopic scale, the rhs of Einstein 
equations is the energy-momentum tensor of the matter distribution, which is an effective object. 
Thus, the Ihs of Einstein equations should also be an effective object and not a fundamental 
tensor that could be easily quantized by standard techniques. 

To avoid the incompatibility between the principles of QFT and GR, the main method 
adopted is to expand the metric tensor around a background Minkowski metric g^ u = rj^+kh^, 
where k is related to Newton's constant and carry ultraviolet dimension —1. The perturbation 
hav is interpreted as the graviton field. However, it is widely known that the linearized Einstein- 
Hilbert (EH) action, known as the Pauli-Fierz action [5], does not define a stable action at 
quantum level [HE! [8]. It is necessary then to introduce higher derivative terms which, however, 
destroy the unitarity of the theory [9] . 

To get gravity closer to the rest of the fundamental interactions, it is convenient to write it 
as a gauge theory |10|, [TTj [T2] . This description of gravity is known as the first order formalism 
(The formalism based on the metric tensor is called second order formalism) , see also |13l [H] . 
In this approach, gravity is described by two fundamental 1-form fields, the vierbeinEI e a and the 
spin-connection uj a b . The geometric properties of spacetime are obtained from specific gauge 
invariant composite fields [151 116j . In particular, the metric tensor is obtained from 

= Vabe^el , (1) 

while the affine connection is determined by 

T% = g^r lab {e b ^el + e b ^el) . (2) 

The vierbein is a map between coordinates X^ at a point X, in spacetime manifold M 4 , and 
coordinates X a , in the tangent space Tx(M), at the very same point X, i.e., dX a = e^dX^. 
The spin-connection is related to parallel transport between near tangent spaces Tx(M) and 
Tx+dx(M) and is recognized as the gauge field of the theory. Typically, the gauge group is the 
Lorentz group SO(l,3) and describes the local isometries of spacetime. Nevertheless, since the 
fundamental fields are still related to spacetime properties, any attempt of standard quantization 
of these fields would lead to the same inconsistency that occur in the second order formalism. 
Another attempt to solve the QFT-GR incompatibility is to declare that the fundamental fields 
are not immediately related to spacetime. Instead, the geometric properties of spacetime emerge 
as effective phenomena \15\ \W\. For instance, 

= rt nb (e^e«+e>x) ■ ( 3 ) 

"The indices conventions are: {o, b, c, . . .} G {0, 1, 2, 3} are frame indices; and {greek} G {0, 1, 2, 3} are world 
indices. 
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The idea is to work with geometric variables with no specific relation to the metric tensor nor 
the affine connection. Although promising, it is unclear to work with a ill defined coordinate 
system. 

Sticking to the gauge theoretical approach, many other theories have been proposed by gener- 
alizing the gauge groups and their respective actions. In particular p3 [IS [El OSB III] , it is worth 
mentioning the de Sitter groups SO(m,n), with (m + n) = 5, in four-dimensional spacetime, 
supplemented with a spontaneous symmetry breaking mechanism [22[ I23j . In the work |24j . 
gravity and supergravity are considered under the framework of a dynamical breaking instead 
of a spontaneous breaking. In any of these cases, the Yang-Mills action [25] is not considered. 
When the Yang-Mills action is taken into account, the starting theory is already metric depen- 
dent, see for instance [26[ 127] , Only in [28], the Yang- Mills was considered independently of 
the metric. The Lorentz group was taken as the gauge group of a theory in flat spacetime. A 
relation with a Palatini-type gravity emerges from a color symmetry breaking generated by a 
condensation mechanism. 

More recently [29], the Yang- Mills action for de Sitter groups was studied independently of 
the geometric properties of spacetime. Essentially, asymptotic freedom [301 E], mass parameters 
and an Inonii-Wigner contraction [32] to Lorentz-type groups account for the emergence of a 
gravity theory. The absence of mass parameters in the starting action is important because it 
prevents the identification of the gauge field with the vierbein. Thus, it is important that the 
masses are dynamically generated. One possibility is the Gribov parameter |33[ l34"l [35] which 
is required for quantum consistency at low energy scales. Moreover, the presence of the Gribov 
parameter induces a soft BRST breaking [36j [37l [38] , which continuously deforms the massless 
theory in flat spacetime into a gravity theory in the first order formalism. Extra dynamical 
masses can also contribute to the model [39, 40J. Remarkably, Newton and cosmological con- 
stants can be determined from these masses and the Yang-Mills coupling parameter. Thus, 
since pure Yang-Mills theory is renormalizable [411 [42] , this model can be regarded as a possible 
theory for quantum gravity. 

In the present work, we exploit some physical properties of the theory developed in |29] , In 
particular, we discuss the analogy between this theory and quantum chromodynamics (QCD), 
the soft BRST breaking, the dynamical masses contribution and the possibility of the theory in 
providing reliable physical results. 

Section 2 is devoted to the foundations of Yang-Mills theories, BRST symmetry and con- 
finement. Section 3 is dedicated to a QCD-Gravity analogy. In Section 4, the details of de 
Sitter gauge theories in four-dimensional Euclidean spacetime and their relation with gravity 
are discussed. In Section 5, some consistency checks of the model are provided. Our final 
considerations can be found in Section 6. 

2 Yang-Mills theories, BRST symmetry and confinement 
2.1 Preliminary concepts 

The so called Yang-Mills theories [25] are gauge theories based on a gauge symmetry described by 
a semi-simple Lie group G. This class of theories consists of a generalization of electrodynamics, 
which is an Abelian gauge theory for the group £7(1). The fundamental field is the gauge 
connection 1-form Y = Y a J a , where J a are the generators of the group and the group indices 
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vary as {a, b, c, . . .} G {1, 2, . . . , dimG}. The curvature 2-form is defined as F = V 2 = dY+nYY, 
where V = d + kY is the covariant derivative, d is the exterior derivative in spacetime and k is 
the coupling parameter. 

The Yang-Mills action is constructed as 

Sym = I I F a * F a , (4) 



2 _ 

where * is the Hodge operator. The action is invariant under gauge transformations, 

r— ►W-d + yU, (5) 



K 



where g 6 G. To define a path integral for the Yang-Mills action, a gauge fixing must be 
imposed [21 03]. For a consistent introduction of a gauge fixing, it is convenient to adopt the 
BRST quantization method [321 HH 05]. For simplicity, we adopt the Landau gauge, d * Y = 0. 
In this framework, the action (J2J) is replaced by 

S = S YM + f (i6 a d*Y a + c a d*V ab c b ) , (6) 

where the fields c a and c a are the ghost and anti-ghost fields, respectively, and b a is a Lagrange 
multiplier which enforces the Landau gauge. The components of the covariant derivative are 
yab _ ^ab^ _ K yabcy^ w j iere j abc are the structure constants of the gauge group. The action 
([6]), although not gauge invariant, is invariant under BRST transformations, namely, 

sY a = V ab c b , 

sc a = ^/ abc c b c c , 

sc a = b a , 

sb a = 0, (7) 

where s is the nilpotent BRST operator. 

Let us make some important remarks about Yang-Mills theories. 



• Although the fundamental fields and the action are not gauge invariant, physical ob- 
servables must be gauge invariant. This statement is perhaps the most sacred principle 
in gauge theories, it is called gauge principle. This principle can be extended to BRST 
invariant operators in order to include more general operators that might be related to 
physical quantities. At classical level, the BRST invariance principle reduces to the usual 
gauge principle. 

• Together with quantum electrodynamics [46\ W7\ |4"8] , and the Higgs mechanism \12\ [23] , 
Yang-Mills theories are the theoretical basis of the Standard model. Thus, it is a successful 
theory with a deep connection with reality. 

• The action ^ is a renormalizable theory, at least to all orders in perturbation theory 
[411 I42j . Renormalizability states that ultraviolet divergences can be consistently elim- 
inated from perturbative computations, i.e., Yang-Mills theories are stable at quantum 
level. It is worth mention that BRST symmetry is very important with respect to the 
renormalizability of a gauge theory. 
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• Another feature of the action Q is unitarity |49j . It states that the S- matrix conserves 
probability and, thus, asymptotic states can be defined. For pure gauge theories, unitarity 
requires a well defined BRST symmetry and that the gauge group is compact. 

• The renormalization of the coupling parameter leads to the concept of asymptotic freedom 
|301 [31]. This property predicts that, at high energies, the coupling is very small and 
perturbation theory can be safely employed. However, as the energy decreases the coupling 
increases. At this strong coupling regime, the theory is non-perturbative and yet to be 
fully understood. 

• Confinement [371 EH1 US] states that quarks and gluons cannot be observable states. Ac- 
tually, the physical observables must be, not only gauge invariant, but also colorless. At 
high energies, confinement manifests itself as the quark-gluon plasma, a state where quarks 
and gluons are almost free. However, they they cannot be distinguished from the plasma. 
At low energies, the strong coupling enforces hadronization phenomena, i.e., the physical 
spectrum is composed by hadrons and glueballs. Although experimentally established, it 
is a theoretical challenge to show that the Yang-Mills action leads to an effective theory 
composed by hadrons and glueballs. 

• Another possible effect is that, at low energies, dynamical mass generation [391 HQ] takes 
place. It originates from the condensation of dimension-2 operators. The mass parameters 
that emerges drastically changes the behavior of the theory at infrared scale and are 
relevant for confinement. 

• It was shown in [331 [50] that, at low energies, gauge fixing is not possible by the simple 
introduction of a constraint. This problem is known as Gribov ambiguities problem. The 
main point in the elimination of the Gribov ambiguities is that BRST quantization (and 
also the standard Faddeev- Popov quantization [43]) shows itself to be incomplete at low 
energy level. In fact, the implementation of a gauge fixing does not eliminate completely 
the gauge symmetry [33J, a residual symmetry survives. Moreover, it was shown that this 
problem occur for any gauge choice [50] , The spurious gauge configurations are called 
Gribov copies and they are the kernel of the Gribov ambiguities. Remarkably, these copies 
gain relevance only at low energies, keeping the high energy sector untouched. To eliminate 
the Gribov ambiguities is a hard step that is not yet fully understood. However, at the 
Landau gauge, the inifinitesimal copies can be eliminated through the introduction of a soft 
BRST breaking^] related to a mass parameter known as Gribov parameter. Outstandingly, 
the treatment of this technical problem leads to exceptional evidences of quark-gluon 
confinement [Ml EH E3 EgJ [39] . 

2.2 The infrared puzzle, Gribov ambiguities and BRST soft breaking 

Basically, at the infrared regime, there are several techniques leading to confinement evidences. 
For instance, non-trivial solutions of the Schwinger-Dyson equations [51], lattice simulations 
[521 [53], AdS/QCD duality [MUSHES], dual superconductivity and defects [53 [581 [60] and 
dimension-2 condensates and Gribov ambiguities [33j [Ml Ell [36l Ell [111 [39], [40]. The puzzle 
consists in merge all evidences and formalisms in order to obtain a consistent theory in terms of 
hadrons and glueballs. As mentioned, we confine ourselves to explore the Gribov problem and 
its relation to confinement. 

soft breaking is breaking whose field operators have dimension lower than the spacetime dimension. 
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The treatment of Gribov ambiguities has the effect of changing the action (|6|) to the so called 
Gribov-Zwanziger action, 



S = S Q + 



b d * V a Vab - cJ ab d * V aD u; ab + ^f aDC Y a U> + <f>) hr + 4M 7 



7ab 



2 ^abc-i 



be 



(8) 



where M = dim G, 7 is the Gribov parameter which has dimension of a mass, the fields (p ab and 
a b are 1-form bosonic fields while w a b and ui a b are fermionic 1-form fields. These fields obey 
the following transformation rules, 



SUab 
•S^ab 
S^ab 
SUJ a b 



<Pab ) 

0, 

w ab , 

0, 



(9) 



and can be eliminated through field equations in favor of a nonlocal term, the horizon-function 

[Si Eg so]. 



We now establish a few properties of the action ©. 



• The action ([8]) is renormalizable, at least to all orders in perturbation theory, in such a way 
that the ultraviolet sector of the theory is unchanged. In fact, no extra renormalizations 
are required [64\ 139] ; all extra fields and Gribov parameter renormalization factors depend 
on the gluon and coupling parameter renormalization factors. 

• The action ((8]) is not BRST invariant, and the breaking is proportional to the Gribov 
parameter, sS oc j 2 . Since 7 has dimension of a mass, the breaking is soft, and thus, 
harmless to the UV sector [361 E2] • 

• The Gribov parameter is determined from the minimization of the quantum action 5T, /5^ 2 = 
0. A simple computation at the tree level predicts that 7 2 = fi 2 exp{— ^n^ 1 }' where /i 2 
is a cutoff and N is the Casimir of the gauge group, / acd /bcd = — -^b- Thus, at the 
perturbative regime, k — > 0, we have that 7 — > 0. To take this limit is equivalent to take 
the high energy limit. Thus, the presence of the Gribov parameter allows the action to be 
continuously deformed into action ©. Then, the UV and IR sectors can be continuously 
deformed one in each other. Moreover, the BRST is asymptotically restored at the UV 
limit. 

• One of the evidences of confinement emerges from the gauge propagator which, at finite 
values of 7, acquires imaginary poles. The consequence is that it violates positivity of the 
spectral representation of this propagator and thus, no physical particles can be associated 
with this propagator |39j. 

• More recently [40], the union of the Gribov-Zwanziger formalism and the condensation 
of dimension-2 operators has been developed. This is called the refined Gribov-Zwanziger 
formalism and improves the results obtained from the Gribov-Zwanziger action. For in- 
stance, the propagators of the RGZ action coincide with the results obtained from lattice 
simulations [53J. 

• We also remark that, some advances on the determination of the physical spectrum of the 
infrared sector of Yang-Mills theories have been made [61, 62J. Although very difficult, the 
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main requirement is gauge invariance, i.e., observables are related with gauge invariant 
operators. In QCD, these operators must describe its low energy spectrum, i.e., hadrons 
and glueballs. 



3 QCD-Gravity analogy 

This work is based on the idea that gravity can be described at quantum level by a gauge theory 
in a Euclidean four-dimensional spacetime. Classical gravity emerges if one could possibly show 
that a geometrodynamical theory rises at the infrared sector. This is performed by applying the 
soft BRST breaking technique. Let us elaborate this idea in more detail. 

We assume that quantum gravity can be described by a Yang-Mills theory in four-dimensional 
Euclidean spacetime, M 4 . This choice, instead of a Minkowski spacetime, has three main reasons: 
(i) first, because QFT is only solvable in Euclidean spaces. Reliable computations require a Wick 
rotation from the Minkowkian to the Euclidean space [2]. However, a Wick rotation is known 
to be valid only at perturbative level. At non-perturbative scales, there are no indications that 
a Wick rotation can be performed. Thus, since we are interested in non-perturbative effects, it 
is necessary to start with a Euclidean spacetime. (ii) The second reason, and perhaps the most 
important, is that the Euclidean space is the simplest geometry. Since we are constructing a 
theory that will determine spacetime geometry, to start with the simplest geometry is the right 
choice; (iii) In four dimensions, the coupling parameter of a Yang-Mills theory is dimensionless. 
As a consequence, pure Yang-Mills action is masslesg^. This fact is important because it prevents 
the gauge field, which has dimension 1, to be associated with the vierbein, which has vanishing 
dimension. 

The gauge field is an algebra- valued 1-form and thus, carries dimG components with respect 
to the algebra of the gauge group. The gauge group G has to fulfill a few requirements [291 [63]: 
(i) the first one is that dim G > dim/S'0(4), in such a way that the degrees of freedom of gravity 
are covered, (ii) The universal principal bundle that describes this theory must be non-trivial, 
so the Gribov problem is inherent to the theory and has to be properly treated |50 [ I64 [ 165], (iii) 
The group must decompose at leaslH as G = H + Q where Q = G/H must be a symmetric space 
and H, obviously, a stability group. The stable group must share a morphism with Lorentz-type 
groups and Q must define a vector representation of H. Thus, H can be identified with local 
Lorentz transformations and Q with a sector that expand the vierbein. As a consequence, the 
gauge components can be identified with the spin-connection and the vierbein; (iv) It can be 
very convenient to have a symmetry breaking G — > H, in such a way that the field at the Q sector 
acquires a matter-type transformation with respect to H. That is why Q must be a symmetric 
space. It is important to mention that, depending on the gauge group, a symmetry breaking 
might not be needed. This occurs if the gauge transformations could be partially identified with 
local Lorentz transformations and partially with diffeomorphisms. A renowned example can be 
found in |66|. 




It is important that the theory develops at least one mass parameter, possibly the Gribov 
parameter, in order to rescale the gauge field at the sector Q. As mentioned, this field, being 
a connection, carries dimension 1 and thus, cannot be directly associated with the vierbein. 

*In Yang-Mills theories, the four-dimensional case is the only case where the coupling parameter is dimension- 
less. 

^Larger groups are also allowed. The extra decompositions will generate a matter sector in the resulting gravity 
theory, [67]. 
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Only after the emergence of these mass parameters is that this identification can be performed. 
Moreover, the Gribov parameter and the consequent BRST breaking are important concepts 
that must be interpreted as follows: 

The theory has two sectors, the UV, which is a massless gauge theory in Euclidean four- 
dimensional space, and the IR sector, which presents soft BRST symmetry breaking and dynam- 
ically generated mass parameters. The UV sector is a standard, non-Abelian, asymptotic free, 
gauge theory of spin- 1 excitations. Although the degrees of freedom coincide in number with a 
first order gravity, this identification is forbidden unless a mass parameter arises, so a vierbein 
can be defined. Once the energy starts to decrease, the soft BRST symmetry breaking takes 
place, the Gribov parameter and other possible masses appear. At this stage, propagators of the 
fundamental fields develop complex poles, a fact that is interpreted as an evidence that these 
excitations are ruled out from the physical spectrum of the theory (In QCD, this is recognized as 
confinement). Physical observables must be defined at this point. In QCD, the observables are 
Hadrons and glueballs. In gravity, the low energy observables must be geometry. Thus, one pos- 
sibility is to identify the IT gauge field with the spin- connection and the Q field with the vierbein. 
The consequence is a first order gravity where geometry is determined by the usual relations ([1]) 
and P). 

If all above requirements are fulfilled, we gain a deep analogy between gravity and quantum 
chromodynamics. At high energies, both theories are well defined quantum gauge theories in a 
four-dimensional flat space. Both theories present soft BRST breaking and have to be redefined 
in order to establish the physical content at the infrared regime. In the case of QCD, the physical 
content are confined states identified with hadrons and glueballs. In gravity, the physical content 
are identified with geometric properties of spacetime. 

We now turn to a specific model within these ideas are realized. 



4 Realization of the idea through de Sitter groups 
4.1 de Sitter- Yang-Mills theory 

One possible realization of the above ideas occurs in a gauge theory based on the group SO(m, n) 
with m + n = 5 and m G {0, 1, 2}. For m = 0, the gauge group is the orthogonal one. For 
m = 1 and m = 2, we have a de Sitter and anti de Sitter groups, respectiveljQ. Spacetime is a 
Euclidean four-dimensional differential manifold R 4 . The algebra of the group is given by 

[JAB jCD^ = _ 1 ^ACjBD + ^BD jAC^ _ ^AD jBC + ^BC jAD^ (1Q) 

where J AB are the 10 anti-hermitian generators of the gauge group, antisymmetric in their 
indices. Caption Latin indices are chosen to run as {5,0, 1,2,3}. Comparing with the generic 
gauge theory described in Sect. 12. 1\ the indices identification is a = AB = —BA. The SO(m, n) 
group defines a five-dimensional flat space, R™ with invariant Killing metric given by r/ AB = 
diag(e,e, 1,1,1) with e = (-l)( 2 " m )! an d e = T h e spaces R 4 and R™' n have no 

dynamical relation whatsoever. 

^Except when necessary, we will indistinguishably call the generic SO{m,n) group, with arbitrary m, by de 
Sitter group. 
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The SO(m, n) Yang-Mills action is renormalizable and is denned over a non-trivial universal 
bundle [291 [631 [67] . Thus, BRST soft breaking takes place. Moreover, a few extra mass param- 
eters may emerge. The presence of these masses will be forwardly used. However, we will fix 
our attention only at the Yang- Mills action and the gauge field Y. 

The de Sitter group may be decomposed as a direct product, SO(m, n) = SO(m\ — l,n)®S(4) 
where <S*(4) = SO(m,n) / SO{m\ — l,n) is a symmetric coset space with four degrees of freedom. 
This decomposition is carried out by projecting the group space in the fifth coordinate A = 
5. Defining then J 5a = J a , where small Latin indices vary as {0,1,2,3}, the algebra (llOh 
decomposes as 



jab jcd 



J a ,J l 



J ab , J° 



l r 



v acjbd + v bdjac 



'-J 

2 



ab 



- ( V aC J b 



v bc r) , 



v adjbc + v bcjad 



(11) 



where rf b = diag(e, 1, 1, 1). 

The gauge connection, follows the same decomposition, Y 



Y A j B 
1 B J A 



A\J a b + 9 a J a and 



the gauge transformations in Eq. §5§ are decomposed, at infinitesimal level, as 

a\ — ► A a b + B a a b - € 4(e a ^ b -e b e) 



€K 

T 

r + D£ a + K a a b e 



(12) 



where the full gauge parameter splits as £ = a a b J a b + £ a J a and D = d + kA is the covariant 

- l,n). The field strength also decomposes, F = 
+ KA a c A c b and K a = D6 a = d6 a - KA a b 6 b . Under 
is written as 



derivative with respect to the sector SO (ml 
(n a b - f9 a b ) J a b + K a J a , where n\ = dA a t 



this decomposition, the Yang-Mills action 



S 



+ 



i 

— t 

16 



9 b *(o a e b ) 



(13) 



Once the energy starts to decrease the set of mass parameters, together with BRST soft 
breaking, dynamically arises. At this point, it is convenient to perform the following redefini- 
tions^ 



.4 



k~ 1 A , 



(14) 



where m is a mass scale depending on the mass parameters of the theory. The action (|13p is 
then rescaled to 



S 



2k 2 



7=7(1 » d TTl -rra V7 

b*K + —K *K a 



em 2 —, 



m 



—n\*(e a 9 b ) + -^o a o b *( 



(15) 



"The transformations (|14p are not accidental. Both sectors are rescaled with k _1 in order to factor out the 
coupling parameter outside the action, a standard procedure in Yang- Mills theories [2]. On the other hand, the 
mass parameter affects only the 0-sector, transforming it in a field with dimensionless components. It turns out 
that this is the unique possibility if one wishes to identify 6 with a vierbein field. If also A is rescaled with a mass 
factor, then it would never be possible to identify it with the spin connection. 
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where ft 



dA a b +A a 



,A c b , K = D9 a , and the covariant derivative is now D = d+ A Moreover, 



a reparameterization of the SO(m, n) generators is required due to the existence of a mass scale, 
i.e., a stereographic projection is now allowed if one identifies the mass parameter with the 
radius of the gauge manifold R™' n , see [A] The consequence for de Sitter algebra (jTOj) is 



jab jcd 



J a ,J b 



l r 
2 



^acjbd + ^bdjac 



em jab 

2k 2 



■* / ac jb fie t« 
- (77 J -7] J 



7] aC J bC + T] bC J ad 



(16) 



4.2 Contraction and symmetry breaking 

The main trick, in order to obtain gravity, is to consider that the rate m 2 / k 2 tends to vanish 
at low energy scalei**!. Due to asymptotic freedom, this is a very consistent hipotesys. Thus, 
we can perform an Inonii-Wigner contraction [32] through m 2 / k 2 — > 0, at the algebra (|16p . 
enforcing the de Sitter group to be contracted down to the Poincare group. The second of 
relations CED deforms to [P a ,P b ] = 0, where J a 1 — > -K^' l P a and 9 1 — > -9 a P a (See the 
limit of (128|) in [A]). The gauge symmetry is then dynamically deformed to the Poincare group, 
SO(m,n) — > ISO(m\ — l,n), for some values n in the strong coupling regime. The details of 
this deformation can be understood as a stereographic projection, see [A] 

Typically, an Inonii-Wigner contraction is a deformation of the group to another group 
which is not a subgroup of the former. Thus, since the Poincare group is not a symmetry of 
the action (|15p . a dynamical symmetry breaking takes place. In fact, the Lorentz-type group 
SO(m\ — 1, n) is a common subgroup, ISO(m\ — 1, n) D SO{m\ — 1, n) C SO(m,n), and also a 
stability subgroup for both groups. Thus, the theory suffers a symmetry breaking SO(m, n) — > 
SO (ml — l,n). Under the SO(ml — l,n) gauge symmetry, the transformations f 1 1 2 [> reduce to 

A\ A a b + T5a a b , 

a ^ d a_ ^b ^ ^ 

where P^|) was assumed. Thus, at action P^|) . the field >1 is a gauge field with respect to the 
Lorentz group while 9 has migrated to the matter sector (it suffers only group rotations under 
infinitesimal Lorentz transformations, i.e., it is a vector representation). Now, the theory is 
ready to be identified with gravity. 



4.3 Effective gravity 

The broken theory described in Sect. 14.21 can generate an effective geometry if [291 E31 EH]: (i) 
every configuration (A, 9) defines an effective geometry (u), e); (ii) there exists a mapping from 
each point x G M 4 to a point X £ M 4 of the deformed space. In order to preserve the algebraic 
structure already defined in M 4 , it is demanded that this mapping is an isomorphism; (iii) The 
local gauge group SO(ml — l,n) defines, at each point of the mapping, the isometries of the 

"We remark that, due to the hierarchy of fundamental interactions, for gravity, a low energy scale would be 
very high when compared to all other basic interactions. The rate m 2 /k 2 may, become small again at lower scales. 
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tangent space Tx(M). Thus, 9 and A can be identified with the vierbein e and spin connection 
u, respectively, through 



uj ab 



{X)dX» = d a J b b Af{x)dx' 1 , 



e«(X)dX» = 5 a a 9«(x)dx». (18) 

In expressions ([18]) . latin indices {o, b . . .} belong to the tangent space Tx(M). Moreover, is 
always possible to impose that the space of all p-forms in M 4 is mapped into the space of p-forms 
in M 4 , namely, IP i — > W, and the same for the Hodge spaces, *W i — > *II P , where * is the 
Hodge dual in M 4 . This mapping, together with the identifications in Eq. (I18D . provides 



(19) 



8nG 

where R a b = duj a b + u) a ( u) c b and T a = de° — ui a b e are the curvature and torsion, respectively. 
Newton and cosmological constants are determined by m 2 = k 2 /2itG and A 2 = m 2 /4. 

Action (119j) is a gravity action in the first order formalism presenting (in order of appearance) 
a quadratic Yang-Mills-type curvature term, a quadratic torsion term, the Einstein-Hilbert term, 
and the cosmological constant term. Moreover, it is easy to check that the vacuum solution is 
a de Sitter-type spacetime with T a = and R ab = 2eA 2 e a e b . 

It is remarkable that, in the present theory, Newton and cosmological constants are related 
through A 2 = k 2 /8ttG. Obviously, from asymptotic freedom, k 2 is a big quantity. And, by 
assumption, G must be small. Thus, A should be very big. In fact, if this is true, we can make 
two important remarks: (i) The first term in (|19p can be safely neglected. Moreover, due to the 
absence of matter fields, torsion can be taken as very small. The resulting theory is then, the 
usual Einstein-Hilbert theory with cosmological constant; (ii) although astrophysical predictions 
[69] ED] determine that A 2 obs is very small, quantum field theory predicts |71[ 172] 173] 173] a very 
large A 2 ^ 4 . Thus, the contribution of a pure gravitational cosmological constant, which is big 
in our case, can drive the cosmological puzzle to a final consistent answer. In fact, following 
[291 175[ 176], the renormalized cosmological constant of our model could be determine through 



A2 _A2 _ a2 
il ren — ^obs gft' 



5 Some consistency checks 
5.1 The explicit mapping 

The formal aspects of the mapping between a gauge theory in Euclidean spacetime and a gravity 
theory can be discussed in terms of fiber bundle theory. The details can be found in [29] [63] [68] . 
In Sect. EJ it was demanded that the mapping between the original space M 4 and the effective 
space M 4 is an isomorphism. In fact, it can be also shown that this mapping is unique and has 
an inverse, which ensures the absence of ambiguities and thus, its isomorphic character. The 
details of the proof can also be found inlBl 

Let us summarize this result. We suppose that, in the d-dimensional original manifold, the 
metric tensor is g^ v {x), where x are the set of coordinates at a point in this space. The effective 
metric tensor is defined as g^ u (X), where X is the set of coordinates at a point in the target 
space. Thus, the matrix that defines the map x i — > X for all points in the effective manifold is 
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given by 




9 9a» ■ 



(20) 



Its inverse is given by 




l/2d 




(21) 



In (pOj) and ([2T]) . g = detg^ and g = detg^ u are taken as non- vanishing quantities. Thus, 
ambiguities are absent in this mapping. 

5.2 Weinberg- Witten theorems and emergent gravity 

In [77], Weinberg and Witten established two very powerful theorems. Essentially, they forbid: 
(i) massless charged states with helicity j > 1/2 which have a conserved Lorentz-covariant 
current and (ii) massless states with helicity j > 1 which have conserved Lorentz-covariant 
energy-momentum tensor. 

At first sight, the first theorem would forbid gauge theories to exist since, at high energies, 
vector bosons and gluons are charged massless states which carries helicity j = 1. However, the 
conserved gauge current associated with these states are not Lorentz covariant [77J. Similarly, 
the second theorem forbids spin-2 states with conserved Lorentz-covariant energy-momentum 
tensor to be defined. In traditional GR the metric tensor g^ u is not a Lorentz covariant tensor 
since it is constructed over a Riemannian manifold. The linearized version of GR, on the other 
hand, is also a gauge theory and the same principles of the first case apply [77] . Moreover, the 
energy-momentum tensor of the graviton field identically vanishes. 

The Weinberg- Witten theorem (ii) applies, however, to emergent gravity theories for which 
massless spin-2 states are generated as effective or composite states that could be associated 
with graviton excitations. Nevertheless, one may argue that the Weinberg- Witten theorem (ii) 
applies to the present mechanism. However, this is not the case here. First, the theory has a few 
mass parameters and the theorem holds for massless states only. Second, and more important, 
there are no spin-2 states in this model. The fields are identified with geometry and not with 
spin-2 composite fields. Gravity emerges as geometro dynamics and not as a field theory for spin- 
2 particles in flat space. In fact, the mapping discussed in Sects. [4731 and [57T1 has been employed 
at classical level. Nevertheless, renormalizability establishes that the quantum action has the 
same form of its classical version. The difference between the classical and quantum actions lies 
on the fields and parameters, which are their respective renormalized versions. Hence, although 
each configuration (A, 6) can define a geometry (w,e), the mapping should not be applied to 
each configuration in the path integral, but at the quantum action itself. In this way, the 
resulting geometro dynamical theory is obtained from the full dynamical content of the original 
gauge theory. Moreover, the identification of the renormalized fields are made with respect to 
geometric quantities and not with spin-2 states. The conclusion is that there is no violation of 
the Weinberg- Witten theorem. 

Nevertheless, after the emergence of gravity as geometrodynamics, linearization is allowed 
for weak gravitation and the spin-2 states might also be considered. In that case, these states 
are classical states associated to propagating fields. Quantization of these states can be done 
since it is not the fundamental theory, but an effective theory. Clearly, this does not violate the 
theorems because it fits in the same category of GR, [77 \. 
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5.3 Unitarity and equivalence principle 



One of the most important features of SU(N) gauge theories is unitarity [2j, a property that, 
among other features, follows from the compact character of the gauge group. In the case of the 
present theory, unitarity is only ensured for m = 0. In that case, the resulting gravity theory 
is an SO (4) local isometric gravity. The local Euclidean character of spacetime provides a kind 
of incomplete prediction of the equivalence principle because it lacks the split between space 
and time. On the other hand, if we selF^l m = 2 from the beginning, the resulting theory has 
50(1,3) local isometries, i.e., localy, spacetime is a Minkowski space. Thus, there is a split 
between space and time originated from the breaking that lead to the mapping. This is nothing 
else that the rising of the equivalence principle. 

Thus, if on the one hand, we start with a unitary gauge theory, the resulting gravity is not 
exactly the desired one because space and time are still indistinguishable. On the other hand, by 
giving up unitarity, the split between space and time correctly emerges. To solve the paradox is 
just a mathematical problem that can be fixed by imposing a Wick rotation during the mapping 
between R 4 and M 4 . See [29]. 

Another argument can be provided by simply saying that unitarity is irrelevant because 
quantum gravity is far beyond Planck scale. Above Planck scale gravity is already a classical 
phenomenon. Moreover, due to confinement of Higgless non-Abelian gauge theories (such as 
QCD and the present gravity model), unitarity might be an overestimated property, mainly 
because the high energy state is a plasma with no observable singlet whatsoever (In the case of 
QCD, this state is the quark-gluon plasma). 



6 Final considerations 

We have discussed that is possible to make a deep analogy between quantum chromo dynamics 
and gravity. This analogy is realized if gravity could be described, at quantum level, by a gauge 
theory in a Euclidean four-dimensional spacetime while, at classical level, it is deformed to a 
geometrodynamical theory [29, 63]. We have established the conditions for this mechanism to be 
realized and an example based on de Sitter-type groups was provided. In this mechanism, gravity 
arises as an emergent geometric theory. The requirements are asymptotic freedom, dynamical 
mass generation, and BRST soft breaking due to Gribov ambiguities. 

The starting action (jl]), for the SO(m, n) gauge groups, lives in a four-dimensional Euclidean 
space, and thus, at high energies, it is a well defined quantum theory of spin-1 asymptotic free 
states. As the energy decreases, mass generation takes place, as well as the Gribov parameter 
and soft BRST breaking. The consequence is that the propagators acquire complex poles and are 
ruled out from the physical spectrum of the theory. At this point, an Inonii-Wigner contraction 
is assumed and a symmetry breaking SO(m, n) — > SO{m\ — 1, n) drives the theory to a gravity 
theory described by the action (jl9h . This action defines a first order gravity which has Einstein- 
Hilbert and cosmological constant terms. To obtain this action, a mapping has to be imposed. 
The consistency of this mapping was shown and an improvement has been made in order to 
harmonize the concepts of unitarity and the emergence of the equivalence principle. 

A remarkable feature of this mechanism is that Newton and cosmological constant could be 

^The case m — 1 provides a non-unitary theory and also a local Euclidean spacetime with no difference between 
space and time. 
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explicitly computed from the usual QFT techniques. Moreover, there is a constraint between 
these constants, namely, A 2 oc k 2 /G. Since G is supposably small and At is a big quantity at 
low energies, it is then expected that A is very big. This property can be combined with the 
predictions of QFT for the cosmological constant in order to provide a value that agrees with 
the observed values. Also, from the fact that A is big and the absence of matter in this work, it 
is possible to conclude that the action (jX9j) can be safely approximated to the Einstein-Hilbert 
action with cosmological constant. 

Let us make a comparison between the present gravity theory and the standard model. 
Strong and electroweak interactions are described by gauge theories. At high energies, these 
theories are very similar (except for the gauge groups). At low energies, however, these theories 
tend to behave in very different ways. Electroweak interactions suffer spontaneous symmetry 
breaking through the Higgs mechanism, giving rise to perturbative electrodynamics and massive 
gauge bosons. On the other hand, quark-gluon confinement shows up in chromodynamics, and 
hadronization phenomena take place. Specifically, confinement and the gauge principle state 
that physical observables must be gauge invariant and colorless. These states are recognized 
as hadrons and glueballs. Now, if the present theory can describe gravity, then: (i) at high 
energies, gravity is a gauge theory which is very similar to the other fundamental interactions; 
(ii) at low energies, instead of hadrons and glueballs, the physical observables are identified with 
geometry, and spacetime itself is affected by this theory. Thus, geometry appears as the low 
energy manifestation of gravity, in the same way that hadronization and spontaneous symmetry 
breaking are the low energy manifestations of chromodynamics and electroweak interactions. 

Finally, for the moment, we can only say that a standard four-dimensional renormalizable 
Yang-Mills theory can generate a gravity theory at low energy regime. Obviously, many com- 
putations and tests must be performed before we recognize this theory (or some variation) as 
the quantum gravity theory or only an academic exercise. 
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A Stereographic projection 

The group SO(m,n) defines a flat space, M™' n , with metric given by r} AB = diag(e,e, 1, 1, 1). In 
the presence of a mass scale m, we can define the radius of this space by 




(22) 



in such a way that 



(23) 
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where £ are Cartesian coordinates in Mg' n . Thus, the stereographic projection is defined by 

e = (ee)^K(l-2n) , (24) 

where r\ ab = diag (e, 1, 1, 1). In order to have a projection conformally flat, i.e., g ab = n 2 rj ab , it 
is demanded that 

n = t , (25) 



1 + ^ 

1 ^ 47? 



where a 2 = r\ ab x a x h . 

The effect of the projection on the group generators can also be studied. The group generators 
can be written as 

J A B = \ (v AC Ccd B ~ V BC ^cd A ) ■ (26) 



Thus, it is a straightforward computation to show that 

1 

2 



ja = _^pa + _L ™ fa x b P b + a 2 P a ) , (27) 
Tfl 16 k V / 

where (|24p and (|22p were used. Thus, from the second of relations (|27p . we have 

16 k 



K^mfl = -# a P a + [29 a x a x b P b + a 2 P a ) . (28) 



B Explicit derivation of the mapping 



Let us only show how the explicit mapping between the spaces M 4 and M 4 can be obtained. We 
have considered that 

IP .— > n p , 

*ip *rp . (29) 

For generality purposes, we assume a generic original metric g^ u which, eventually, we can set 
as a Euclidean metric. The effective metric is denoted by g^ u . Moreover, we can also consider 
manifolds with an arbitrary dimension d. Obviously, a necessary extra condition is that both 
g = | detg^ u \ and g = | detg^| are non- vanishing quantities. To find the explicit mapping, we 
apply the first of (|29p to a generic p-form, 

. . . dx*> = ~f^ p (X)dX^ . . . dX»> , (30) 

where x £ R d and X G M d . From (|30l) . one easily obtain 

= L v \, . . . L u %J ul ... Uv {X) , (31) 

where L u = ^jr- For the corresponding Hodge dual we have, 

^ 1 ...^ p+1 ... u J^{x)dx^ ...dx^ = 
= ^ 1 ...^ p+1 .. M J^(X)dX^ . . . dX^ , (32) 
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from which one can find that 



jw-M P = (|j f£\ P /m-^ 5 (33) 



with L = LF" il . A comparison of (|31 1) and fj33[) leads to 

1/2 / r \ d-p 



U x ...v p ■ (34) 



Combining (|M[) and (|31j) . we achieve 

L "" = \f) U) r " 9 -'" <35> 

which is not valid for p = 0. In that case it is easy to find that (129f) is valid only if 

' ~\ 1/2 / T \ d 

' ' = 1 . (36) 



57 V d 
The constraint (I36p implies that 

^ = | fiTW • (37) 
The trace L can now be calculated from ([36]) or ([37|) providing 

< \ l/2d 

L = dlf 



,5, 

L = d 1 /2(^^)l/2 ) (gg) 

respectively. The relations (|38p enforce the extra constraint 

(sTV) 1/a = d 1/2 (|J • (39) 

As a consequence, we obtain the final expression for the transformation matrix, which is given 
by Eq. (|20p . We recall that the effective metric is computed from the gravity field equations, 
while the original metric is a given quantity. It turns out that the mapping (|20l) has an inverse, 
given by Eq. (|2ip • The existence of the inverse ensures the non-degeneracy of the mapping. For 
the present case we actually have (d = 4 and g^ u = 5^ u ) L v ' = (g) 1 ^ 8 g ua 5 afl . 
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